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Application of Stochastic Robustness
to Aircraft Control Systems

Laura Ryan Ray* and Robert F. Stengel
Princeton University, Princeton, New Jersey 08544

Stochastic robustness, a simple numerical procedure for estimating the stability effects of parameter uncer-
tainty in linear, time-invariant systems, is applied to a forward-swept-wing aircraft control system. Based on
Monte Carlo evaluation of the system’s closed-loop eigenvalues, this analysis approach introduces the probabil-
ity of instability as a scalar stability robustness measure. The related stochastic root locus provides insight into
modal variations of the closed-loop system. Three linear-quadratic optimal controllers are chosen to demonstrate
the use of stochastic robustness to analyze and compare control designs. The example considers the stability
robustness effects of uncertain actuator dynamics and higher order dynamics. Analysis of stochastic robustness
is shown to provide a valuable tool for control system design.

Introduction

ONTROL system robustness is the ability to maintain

satisfactory stability and/or performance characteristics
in the presence of all conceivable system parameter variations.
While assured robustness may be viewed as an alternative to
gain adaptation or scheduling to accommodate known
parameter variations, more often it is seen as protection
against uncertainties in plant specification. Consequently, a
statistical description of control system robustness is consis-
tent with what may be known about the structure and parame-
ters of the plant’s dynamic model. )

Guaranteeing robustness has long been a design objective of
control system analysis, although in most instances, insensitiv-
ity to parameter variations has been treated as a deterministic
problem (see Ref. 1 for a comprehensive presentation of both
classical and modern robust control). The probability of insta-
‘bility, which is central to stochastic robustness analysis, was
introduced in Ref. 2, with application to the robustness of the
Space Shuttle’s flight control system, and it is further de-
scribed in Ref. 3. This method determines the stochastic ro-
bustness of a linear, time-invariant system by the probability
distributions of closed-loop eigenvalues, given the statistics of
the variable parameters in the plant’s dynamic model. The
probability that all of these eigenvalues lie in the open-left-half
s plane is the scalar measure of robustness. The stochastic
robustness of a system is easily computed by Monte Carlo
simulation, and results can be displayed pictorially, providing
insight into otherwise hidden robustness properties of the sys-
tem. The method is computationally simple, requiring only
matrix manipulation and eigenvalue computation, and it is
inherently nonconservative, given a large enough number of
Monte Carlo evaluations. Confidence intervals for the proba-
bility of instability are readily computed. References 4-6 de-
scribe in detail the application of stochastic robustness and the
related probability of instability and stochastic root locus,
which are briefly summarized here.
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Probability of Instability

Consider a linear, time-invariant (LTI) system subject to
LTI control:

x(8) = F(p)x(t) + G(p)u(t) ey
y(£)y=H(p)x(1) )]
u(t)y=u.(t)— CH(p)x(z) 3)

where x(¢), u(t), y(t), and p are state, control, output, and
parameter vectors of dimension n, m, ¢, and r, respectively.
They are accompanied by conformable dynamic, control, and
output matrices F, G, and H, whose elements may be
arbitrary functions of p; u.(¢) is a command input vector, and
for simplicity, the (m X n) control gain matrix C is assumed to
be known without error. The n eigenvalues, N\;=o0; +jw;,
i=1,...,n, of the matrix [F(p)—G(p)CH(p)] determine
closed-loop stability. Whereas the explicit relationship be-
tween parameters and eigenvalues is complicated, estimating
the probability of instability of the closed-loop system from
repeated eigenvalue calculation is a straightforward task.4-®
Denoting the probability density function of p as pr(p), the
closed-loop eigenvalues are evaluated J times with each ele-
ment of p;(j =1, ...,J) specified by a random-number genera-
tor whose individual outputs are shaped by pr(p). This Monte
Carlo evaluation of the probability of instability becomes in-
creasingly precise as J becomes large.

Stochastic robustness is achieved when the probability of
instability P is small. Since stability requires all the roots to be
in the open-left-half s plané, and the probability of stability
plus the probability of instability is one, we may write

0
Pr(instability) 2 P=1— S pr(o) de @)
=1 - lim YCuu=9 ®)
J—oo J

where ¢ is an n vector of the real parts of the system’s eigenval-
ues, and pr(e) is the joint probability density function of ¢.
The integral that defines the probability of stability is evalu-
ated over the space of individual components of ¢. N(-) is the
number of cases for which all elements of ¢ are less than or
equal to zero, that is, for which o0,,,, <0, where op,y is the
maximum real eigenvalue component in ¢. This definition does
not depend on the eigenvalues and eigenvectors retaining fixed
structures. As parameters, change, complex roots may coa-
lesce to become real roots (or the reverse), and modes may
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exchange relative frequencies. The only matter for concern is
whether or not all real parts of the eigenvalues remain in the
left-half s plane. For J < oo, the computed probability of insta-
bility resulting from Monte Carlo evaluation is an estimate,
denoted P.

Gaussian, uniform, Rayleigh, correlated, and any other
well-posed distributions are admissible specifications for the
multivariate pr(p), the principal challenge being to properly
shape (and correlate) the outputs of the random-number gen-
erator. In practice, system parameter uncertainties are most
likely to be bounded, as typical quality control procedures
eliminate out-of-tolerance devices, and there are physical limi-
tations on component size, weight, shape, etc. The rectangular
(uniform) distribution is particularly interesting, as it readily
models bounded uncertainty, and it is the default distribution
of most random-number generators. Given binary distribu-
tions for each parameter, in which the elements of p take
maximum or minimum values with equal probability, the
Monte Carlo evalution reduces to 2" deterministic evaluations,
the result is exact, and the probability associated with each
possible value of p is 2”. For parameters quantized at w levels,
w’ evaluations provide an exact measure of the probability of
instability.

Stochastic Root Locus

Stochastic root loci4® provide insight regarding the effects
of parameter uncertainty on system stability. Root loci for
individual parameter variations follow classical configurations
of root locus construction,’ with the heaviest density of roots
in the vicinities of the nominal roots. The density of roots
resulting from Monte Carlo analysis, or the stochastic root
locus, depicts the likelihood that eigenvalues vary from their
nominal values if combinations of parameters are uncertain.
Stochastic root loci can include branches on the real axis and
in the right-half s plane for large enough parameter variations.

Understanding of robustness issues can be gained by plot-
ting the density of the roots in a third dimension above the root
locus plot. One method of doing this is simply to divide the
s plane into subspaces (or bins), and to count the number of
roots in each-bin as a sampled estimate of the root density p.
The result is a multivariate histogram, with ¢ and w serving as
independent variables. Complex root bins are elemental areas,
for which the density is defined in units of roots/unit area.
Real root bins are confined to the real axis; hence, the root
density measures roots/unit length. The stochastic root loci
can be portrayed by graphing contours of equal root density
on a two-dimensional plot or by plotting an oblique view of the
three-dimensional histogram or root density surface.

Confidence Intervals

Associated with the estimate P are confidence intervals that
bound the (unknown) true underlying probability of instability
P with defined certainty. A confidence statement for P is

Pr(L<P<U)=1-qa (6)

where (L ,U) is the interval estimate (lower and upper bounds),
and 1 — « is the confidence coefficient. Equation (6) states that
P lies within (L,U) with 100(1 —a)% confidence. The prob-
ability of instability is a binomial variable, with the outcome
of each Monte Carlo trial taking one of two possible values
(stable or unstable). Confidence intervals for probability of
instability are based on the binomial test® and are detailed in
Refs. 5 and 6.

The number of evaluations required for a desired confidence
interval width is an important practical aspect of stochastic
robustness analysis. Figure 1 (from Ref. 6) presents the num-
ber of evaluations required for specified interval widths and a
95% confidence coefficient, given as a percentage of P. An
estimate of P based on a small number of evaluations can be
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Fig. 1 Number of evaluations required for given confidence interval
widths and confidence coefficient 1 — «=0.95. Interval width is given
as percent of Por 1-P,

used as the abscissa of Fig. 1 to forecast the total number of
evaluations required for the desired interval width. For very
narrow intervals and small probabilities of instability, large
numbers of evaluations are required. However, for small P,
large interval widths as a percent of P are acceptable. For
instance, when P = 10-9%, an interval width of 100% P or 10—¢
gives an interval estimate (L,U)=(5.72E-7, 1.572E-6). (The
asymmetry around P results from application of the bino-
mial test.) A larger confidence coefficient shifts the curves of
Fig. 1 to higher numbers of evaluations.

The validity of Monte Carlo analysis depends on a number
of simulation parameters: the number of system eigenvalues,
the number of uncertain parameters, and parameter probabil-
ity distributions. By applying binomial confidence intervals,
the derivation of explicit relationships between simulation
parameters and the required number of evaluations is avoided.
Nevertheless, the binomial test offers a rigorous theory by
which to calculate exact confidence intervals. The number of
evaluations required for a given interval width can be related
to a single variable P, and the relationship is valid for any
combination of simulation parameters and any application.

Characteristics of the Analysis

Stochastic robustness analysis offers a logical alternative to
traditional robustness measures, such as singular-value analy-
sis. Unstructured-singular-value (USV) analysis® is restricted
to systems with unstructured uncertainties; conservative ro-
bustness estimates can result when it is applied to systems with
structured uncertainty. Furthermore, it is difficult to measure
improvement between controller designs when the robustness
measure is conservative. A less conservative measure results
when structured-singular-value (SSV) analysis is applied,'©
but it is difficult to put known uncertainties, such as arbitrary
parameter variations, into the form required for SSV analysis.
(See Ref. 11 for a good discussion about modeling of uncer-
tainties.) When applying either USV or SSV analysis, uncer-
tainty magnitudes may not be easily related to physical
parameters. Stochastic robustness requires that the uncertainty
be described using parameters and their associated statistics.
Hence the designer has the ability to identify parameters that
greatly influence robustness. The scalar probability of instabil-
ity is a direct measure of robustness improvement or deg-
radation between controller designs. Parameter uncertainties
must be associated with probability distributions for stochastic
robustness analysis; bounded uniform distributions are anal-
ogous to the assumptions made in singular-value analysis.
One might object that the parameter distributions must be
known or estimated for stochastic robustness analysis. How-
ever, if robustness estimates are strongly dependent on the
statistics, then it is incumbent on the designer to know some-
thing about them.
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Finite-dimensional model-order uncertainties can be cast
into the structured form required for stochastic robustness
analysis. Higher order state dynamics and elements are ap-
pended to the reduced-order, linear model, and appropriate
uncertainties are assigned to the associated parameters. Analy-
sis proceeds with the gains established using the reduced-order
model. Often, certain parameters, such as characteristic fre-
quencies associated with unmodeled dynamics, are well
known, while others such as coupling terms, are not easily
measured. Stochastic robustness provides an excellent frame-
work for studying such problems, as will be demonstrated by
an example. It answers the question, How much uncertainty is
allowable while still maintaining a robust design? Effects of
actuator dynamics can be studied using stochastic robustness
in a similar manner.

Stochastic Robustness Applied
to a Forward-Swept-Wing Aircraft

This example, based on the longitudinal dynamics and
control of an open-loop-unstable aircraft was introduced in
Ref. 6 to describe the expression of a real problem with
physical parameter uncertainties. Three applications of sto-
chastic robustness are demonstrated here by means of the
example: evaluating and comparing different control system
designs for stability robustness, studying the effects of uncer-
tain actuator dynamics, and including higher order dynamics
in the analysis.

Control System Design Evaluation .

Longitudinal motions of a Forward-Swept-Wing Demon-
strator Aircraft flying at a Mach number of 0.6 and an altitude
of 15,000 ft are described by Eq. (1) with

—0.02 -03 -04 -322
-0.0001 —-1.2 1 0
= 0]
0 18 —0.6 0
0 0 1 0
—-0.04 35
0 0
G =
02 -02
0 0

The state components represent forward velocity, angle of

attack, pitch rate, and pitch angle. The principal control sur-
faces are the canard control surface and the thrust setting.
Because the aircraft’s aerodynamic center is forward of its
center of mass, the model possesses a static instability, which
is reflected by a positive eigenvalue of F; the complete set of

Table1l Parameters for Forward-Swept-Wing
Demonstrator Aircraft

1) @=diag(1,1,1,0) R =diag(1,1)
A1-4=35.0, —5.14, -3.32, —0.018

_[0.1714 1302604 33.1648  0.3642
109842 —11.3867 —2.9680 —1.1329
2) Q=diag(1,1,1,00 R =diag(1000,1000)

Aoa= —S.15;, —3.36, —1.09, —0.019
_[0.0270 82.6589  20.9266 -0.0638
T10.0107 —62.6225 —16.2029 —1.9018

3) Apa=—3221, —5.15, —3.44, —0.014
_[o1349  413.2944  104.6331 -0.3191
~10.0535 —313.1124 ~81.0146 —9.5089
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eigenvalues is

A= —0.0102 = 0.057j, —5.15, 3.35 ©)]
Possible uncertainties in aerodynamic and thrust effects con-
tribute 10 elements to the parameter vector (the remaining
terms are kinematic, due to gravity, identically zero, or other-
wise negligible). Dynamic pressure (air density and velocity)
effects can be modeled as uniform parameters and included in
the parameter vector to represent a range of flight condition
variations around the nominal condition. In terms of the
parameters, F and G are

-2gfu oV3f
'—7Ll ——Z—E’PVfla -8
—45 oVin 1 0
3
F=| V 2 (10)
V2
V% oy 0
0 0 1 0
L ]
g1 812
20 O
=i 1
2
831 &3
0 0

where f;; and g;; are matrix elements of F and G with dynamic
pressure effects factored, p is the air density, and V is the
velocity. Physically, fi; and g;; represent stability and control
derivatives that might be estimated analytically, based on the
aircraft design, or experimentally via wind-tunnel testing. The
corresponding 12-element parameter vector is defined as

p=IeViufufufofnfn 818128 8Exn]” (12)

Each element of Egs. (10) and (11) is a relatively complex
function of the parameters; it would be difficult to express
this kind of parametric uncertainty in the form required for
deterministic robustness analysis. Stochastic robustness analy-
sis handles such complexity routinely.

Stochastic robustness analysis is demonstrated using three
examples. Linear-quadratic optimal controllers have been
designed (as in Ref. 3) according to three specifications:
1) Q =diag(1,1,1,0), R =diag(l,1); 2) Q@ =diag(,1,1,0),
R =diag(1000,1000); and 3) the control gain matrix of case 2
is multiplied by an arbitrary factor (5) to restore the closed-
loop bandwidth to that of case 1. The resulting control gain
matrices and corresponding nominal closed-loop eigenvalues
are given in Table 1. These three cases have not been chosen to
satisfy any particular performance criteria; they merely
demonstrate the impact of differing generalized design criteria
on stochastic robustness. Furthermore, the designs are not
meant to reflect acceptable control laws, as the high gains were
purposely chosen to magnify stability robustness problems and
to illustrate the application of stochastic robustness. Based on
the control weighting matrix (R) specifications and the ad hoc
robustness recovery technique, the controllers were designed
to increase in stability robustness from case 1 to case 3.

Comparison with Singular-Value Analysis

Before treating all parameter variations concurrently, con-
sider the effects of two separate parameter variations on
closed-loop stability, as well as the stability bounds predicted
by singular-value analysis. The large positive value of f3; is the
principal cause of the open-loop static instability, whereas g3;
is the primary control effect for providing closed-loop stabil-
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Table 2 Stability bounds predicted by singular-value analysis for single parameter
variation in the Forward-Swept-Wing Demonstrator Aircraft

1 2
Case parameter

f32 (nominally 0.05276)

Actual value 0.104 0.127
causing instability
Value predicted
by USV

0.05285 0.0554

3 1 2 3
g31 (nominally 5.86E-4)
0.894 2.91E-4 1.20E-4 2.05E-5
0.0559 5.85E-4 4.26E-4 5.26E-4

ity. USV analysis gives the largest allowable uncertainty mag-
nitude as a function of frequency. Because the uncertainty is
structured, USV analysis produces conservative bounds on the
allowable magnitude of the uncertainty. Table 2 demonstrates
just how conservative these results can be by showing the
actual parameter variations that produce instability, as well as
the bounds predicted using USV analysis. The largest additive
uncertainty allowed for each separate parameter variation is
computed using®

F[ad(jw)| <o[ln+A(jw)] (13)

where ¢ and ¢ denote the largest and smallest singular values,
respectively, and A(jw)=C(jwl, -~ F)~'G and AA(jw) rep-
resent the largest allowable additive uncertainty over all fre-
quencies w. SSV analysis of real parameter variations!? in-
volves computation of the real structured singular value
ur[M(jw)] for all frequencies w:

ur[M(jo)] = {min [6(A)|det (I+M(jw)A) = o]} a4

AeX o,

where M (jw) represents the perturbation structure of the feed-
back system and its uncertainties, A is a real, block-diagonal
perturbation matrix whose elements have magnitudes less than
or equal to one, and X, is the set of all block-diagonal ma-
trices. SSV analysis correctly predicts the instability bounds
for these two individual parameter variations, and determining
the parameter value that causes instability from up for single
parameter variations is trivial. However, application of SSV
analysis to the system described by Eqgs. (10) and (11) would be
difficult; there are multiple parameters appearing in one or
more matrix terms, and the effect of parameter uncertainty on
the system is not necessarily linear. It would be difficult to
express the feedback system uncertainties in terms of a block-
diagonal perturbation matrix A and the associated matrix
M (j w). Furthermore, algorithms for accurately computing uz
are not yet available, and existing algorithms (for the complex
structured singular value) would yield conservative results.

What would the probability of instability be if f3, and g3,
were independently subject to uncertainty? For illustration,
uniform uncertainties of +30% are considered; these are rep-
resentative of very loose manufacturing tolerances or preflight
testing results. By inspection of the actual values causing insta-
bility (Table 2), P would be identically zero for uniform or
binary distributions of this magnitude, while the 25,000-eval-
uation results for Gaussian distributions are shown in Table 3.

The presentation of results in Tables 2 and 3 are, of course,
very different. Table 2 presents robustness in terms of parame-
ter values causing instability. A designer must evaluate singu-
lar values against appropriate unstructured or structured un-
certainties to determine whether the system is sufficiently
robust in the face of actual uncertainties. Stochastic robust-
ness, on the other hand, incorporates parameter uncertainties
as part of the analysis, and the resulting measure is statistical.
Structured singular values can be related to individual parame-
ter variations, but the task ranges from difficult to impossible
for cases involving many parameters and system matrices that
are arbitrary functions of the parameters. Nevertheless, such
relationships are necessary to properly evaluate robustness at
the parameter level. In this context, stochastic robustness is a
simple but powerful analysis tool.

Table 3 Probability of instability and 95% confidence intervals
(L ,U) for single parameter variation
in the Forward-Swept-Wing Demonstrator Aircraft?

P (L,U)
I3 g3 -
Case variation variation P (L,U)
1 0.00072  (4.27E-4, 1.14E-3) 0.0465 (0.0424, 0.0506)
2 0 (0.0, 1.48E-4) 0.004 (3.26E-3, 4.86E-3)
3 0 (0.0, 1.48E-4) 3.6E-4 (1.25E-4, 5.95E-4)

2Based on 25,000 Monte Carlo evaluations and 30% standard-deviation Gaus-
sian uncertainty.

Simultaneous Variations in Twelve Parameters

Next, we examine the stochastic root loci for the three con-
troller designs. Results for simultaneous parameter variations
were presented in Ref. 6 and are summarized here. It is as-
sumed that the velocity and density vary uniformly within
+30% of their nominal values to represent flight condition
variations and that each of the remaining elements of p is
subject to an independent 30%-standard-deviation Gaussian
uncertainty. Figure 2 shows the stochastic root loci, based on
25,000 Monte Carlo evaluations. The corresponding proba-
bility-of-instability estimates and 95% confidence intervals are
1) 0.0724 (0.0692, 0.0756), 2) 0.0205 (0.0187, 0.0222), and
3) 0.0076 (0.0065, 0.0086). Robustness improves from case 1
to 3 as control usage is restrained by high control weighting,
and the ad hoc robustness recovery technigue used in case 3
gives additional improvement. While 95% confidence intervals
for cases 2 and 3 initially overlap (Fig. 3), 25,000 evaluations
is more than sufficient to rank the three cases in order of
robustness. If all 12 parameters are uniformly distributed in
[0.7p, 1.3p], the extent of the parameter and eigenvalue distri-
butions decreases substantially, as shown in Fig. 4 for case 3.
A comparison of Fig. 2c and Fig. 4 indicates the effects of
Gaussian ‘‘tails’’ on the eigenvalue probability densities. The
25,000-evaluation probability-of-instability estimates and
95% confidence intervals for uniformly distributed parameters
are 3.6 E-4 (1.25E-4, 5.95E-4) for case 1 and zero (0, 1.48E-4)
for the remaining two cases. ,

Figure 5 shows stochastic stability robustness as a function
of the control weighting parameter v (R =vlI,). For the speci-
fied parameter statistics, the distinction in stability robustness
vs the design parameter is apparent, and maximum robustness
occurs between v = 102 and 10%. That the minimum-control-
energy case (v—oo) represents the least robust design would
not be obvious using standard robustness analysis techniques.
Possible interaction between root-locus branches, the fact that
the open-loop system is unstable, and the uncertainty present
in the dynamic matrix all make it difficult to predict the value
of v that maximizes robustness based on analysis of the nom-
inal system. The kind of results presented in Fig. 5 offer con-
troller design insight and clearly show nonobvious robustness
characteristics.

It is not possible to conduct comparable singular-value
analyses for these 12-parameter cases. Because such variations
are structured, unstructured-singular-value analysis would
predict an allowable loop-gain variation without regard to the
allocation of element variations in p; it would be difficult to
relate this result to specific parameter variations, and the result
would be quite conservative. Structured-singular-value analy-
sis could identify less conservative stability boundaries if the
allocation of parameter variations were known or postulated,
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Fig.2 Stochastic root loci for the Forward-Swept-Wing Demonstra-
tor Aircraft with 30% Gaussian parameters, and =+ 30% uniform p, V,
cases 1, 2, and 3. Based on 25,000 Monte Carlo evaluations.

but it could not treat problems with arbitrarily varying
parameters. Of course, neither singular-value approach indi-
cates the likelihood of instability given statistical representa-
tives of parameter variations. :

Effects of Actnator Dynamics on Robustness
First-order dynamics for each control are added to the sys-
teni, which becomes

%' =F'x"+G'u’ (15)
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Fig. 3 Ninety-five percént confidence intervals («=0.05) based on
the binomial test for the Forward-Swept-Wing Demonstrator Aircraft
with 30% Gaussian parameters and +30% p and V, cases 1, 2, and 3.
Probability-of-instability estimates are given by the solid lines. Dashed
lines give confidence intervals.
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i‘ig. 4 Stochastic root locus for the Forward-Swept-Wing Demon-
strator Aircraft with +30% uniformly distributed parameters, case 3.
Based on 25,000 Monte Carlo evaluations.
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parameter v (R =vI) for the Forward-Swept-Wing Demonstrator
Aircraft. Solid line represents estimate; dashed line represents 95%
confidence intervals based on 25,000 evaluations at each of 14 points.

where

F'=[0 000 —= 0 (16)

0 0 00
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The two controls augment the state, and the actuator time
constants are included in the subsequent 14-parameter vector:

p’ =leVinfoffefnfnengngngnrnl’ (18)

Here 7, is the canard time constant, and 7, is the thrust setting
time constant, whose nominal values are chosen as 7. =0.1 s
and 7,=1.0s.

A linear-quadratic optimal controller was designed for
the new system according to  the specification
Q =diag(1,1,1,0,1,1) and R = diag(0.001,0.001). The intent of
these weighting specifications is to approximate as well as
possible the controller of case 1, while not pushing the actuator
dynamics to unrealistic frequencies. The closed-loop eigen-
values (Table 4) corresponding to the original state are similar
to those of casé 1, and the eigenvalues associated with actuator
dynamics appear as a complex pair. Again; the high-gain con-
troller is purposely chosen to illustrate principles of stochastic
robustness.

Stochastic robustness is applied for different values of the
variance associated with each time constant, to detail the sep-
arate effects of each control lag. Figures 6a-6d show the
stochastic root loci, and Table 5 summarizes the probability of
instability for each run. The stochastic root loci show that a
strong coupling due to uncertainties can occur between the
dynamic and control state elements, which tends to push more
eigenvalues into the right-half plane. The first and last lines
of Table 5 indicate that simply including actuator dynam-
ics increases the probability of instability significantly, even
if the associated parameters are known perfectly. This is a
reasonable result because actuator dynamics are no longer
assumed to be infinitely fast but are allowed to interact with
the rigid-body state elements. Qualitatively, bringing actuator-
dynamic poles in from infinity pushes the root-locus closer to
instability. Stochastic robustness quantifies the effect by show-
ing an increase in the probability of instability estimate of
about 2.3%.

The probability of instability for 30% Gaussian parameters
and +30% uniform p and V (Fig. 6b) gives a probability-of-
instability estimate of 0.09816, for 25,000 cases. Figure 6b
shows that the complex pair of eigenvalues has a small vari-
ance in the o direction and a large variance in the jw, direction.
The o-direction variance is largely due to the uncertainty asso-
ciated with the thrust time constant, as illustrated by increasing
the staridard deviation on this parameter to 150% in Fig. 6c.
Increasing the uncertainty of 7, has litle effect on the proba-
bility of instability because it does not cause further significant
coupling with the dynamic modes. Coupling of controller and
dynamic modes is largely due to variation of the canard time
constant (Fig. 6d). Uncertainty in 7, causes cigenvalues to
migrate to the real axis and split off to form the complex
clouds of eigenvalues that reach instability.

Table4 Parameters for the Forward-Swept-Wing
Demonstrator Aircraft with actuator dynamics, case 1

Q =diag(1,1,1,0,1,1) R =diag(0.001,0.001)

M-¢= —33.2, —5.14, —3.31, —0.018, —28.35+17.41/

., _15.788 4756 1209 5.539 29.78 -0.6617
T131.04 —447.0 —117 —59.01 -0.6617 55.746
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a) Standard deviation of 7. =0%, standard deviation of 7, =0%

pr(v)

b) Standard deviation of 7. = 30%, standard deviation of 7; = 30%

pr(d)

¢) Standard deviation of 7, =30°70, standard deviation of 7, =150%

pr(d)

d) Standard deviation of 7. =150%, standard deviation of 7, =30%

Fig. 6 Stochastic root loci for the Forward-Swept-Wing Demons.tra-
tor Aircraft with actuator dynamices, for various Gaussian variations
of parameters 7. and 7;. V, p are % 30% uniform, and the remain-
ing parameters are 30% Gaussian. Based on 25,000 Monte Carlo
evaluations.
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Table S Probability of instability for the
Forward-Swept-Wing Demonstrator Aircraft with
first-order control dynamics for different Gaussian control
parameter uncertainties, +30% uniform V, p,
and all other parameters 30% Gaussian®

Standard Standard
deviation deviation 95% confidence
of 7¢ of 7 p intervals (L,U)
0 0 0.09572 0.09207, 0.09937
30 30 0.09816 0.09447, 0.10185
30 150 0.09852 0.09483, 0.10221
150 30 0.14316 0.13882, 0.14750

No control

dynamics (Fig. 2a) 0.0724 0.06899, 0.07541

aBased on 25,000 Monte Carlo evaluations.

Effects of Higher Order Dynamics on Robustness

With second-order, dynamic-pressure-dependent aeroelastic
effects representing the wing’s first bending and torsional
modes, the (8 x8) and (8 x2) system matrices can be parti-
tioned as in Ref. 13:

,_[F Fa
F _|:Far Fa:| 19
r Gr
G’ = [Ga] (20)

where F, =F and G, =G represent dynamic and control ef-
fects for rigid-body modes given in Egs. (10) and (11), F,, and
F,, couple the rigid and flexible modes, and F,, G, represent
aeroelastic dynamic and control effects. The appended ele-
ments 4, 95, 1:, and 4, represent the first bending mode angle
and rate and the first torsional mode angle and rate. In terms
of dimensional derivatives, the aeroelastic dynamics are

0 1 0 0
poo |Gu-K) Si Si S @
a Mb Mb Mb Mb

S, Sk Si-K) Si

Mt Mt Mt Mt

0 0
G, = Si. 0 (22)
““lo o0

S 0

where Si,, Si,, Si,, Si,, and S{, represent structural dimen-
sional derivatives associated with bending and torsional terms;
K,=67,680 lb/ft, M,=14 slugs, K;=35.12E6 1b/ft, and
M, =113 slugs are the generalized stiffness and mass associ-
ated with each mode. The natural frequencies and damping of
each mode are functions of stiffness, mass, and aerodynamic
terms. Numerical values for F, and G, (Table 6) show that
the bending mode eigenvalues are strong functions of velocity
whereas torsional parameters are largely functions of the gen-
eralized mass and stiffness.

The aeroelastic system and coupling matrices introduce an
additional 32 nonzero parameters into the system, and a 44-
element parameter vector can be assembled, including separate
o and V effects. While the entire parameter vector could be
used for analysis, the parameter vector is reduced to consider
just the effects of uncertain coupling terms on robustness. For
this example, it is assumed that the dynamics due to material
properties and mass of the wing are well known or can be
modeled accurately compared to the structural dimensional
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Table 6 Numerical values of aeroelastic system
matrices and eigenvalues

0 0 0 0
-0.32 —8895 —2.692 O
Fry=
0 0 0 0
—2.43E-3 3744 -0.2253 0

0.016 —-1.67E-4 -0.297 1.13E-7
0.0232 —2.39E-4 -0.4435 1.71E-7

ar =

0.145 3.41E-4 —1.808 3.41E-4
0 0 0 0
0 1 0 0
| -1039  -6.002 8139 -5.12E-3
¢ 0 0 0 1
—0.2446 —8.0E-4 —45162 —0.151
0 o0
170.58 0
a=
0 o
17.058 0
AF = —3.05+32.1j, —0.08+212.5j

Ar [Eq. (19)] = —2.95+32.037, —0.075£212.5j,
-5.12, 3.12, —0.01£0.06/

derivatives appearing in F,,, F,,, F,, and G,. The K, M, K;,
and M, are assumed to be known perfectly for this analysis.
Of the remaining parameters, 16 are chosen for stochastic
robustness analysis. These include p, V, and the two important
rigid-body parameters from the original parameter vector. The
remaining parameters are taken from the aeroelastic and cou-
pling matrices:

D’ = 1oV 831 f61fer fea fos feoSer 50 3 35 38 861 85117 (23)

where f;; and g;; represent the elements of the full dynamic
and control-effect matrices with velocity and density factored.
Table 7 gives the full system matrices in terms of the param-
eters. For the full-order, open-loop system described by
Eq. (19), the eigenvalues associated with bending, torsion, and
the original rigid-body modes are

A= —2.95 £32.03j, —0.075 £ 212.5]
~5.12,3.12 —0.01 + 0.06/ (24)

The addition of aeroelastic effects causes a small shift in the
original rigid-body eigenvalues.

Evaluation of the three controllers proceeds by applying the
reduced-order controller with zeros appended to the full-order
system. The controller

Cc’'=[C 0] 25)

is applied to the full-order system, where C represents the
original set of control gains, and 0 is a (2 X 4) matrix of zeros.
Applying this set of gains to the full-order system gives a
closed-loop dynamic matrix: )

| F-6.c F,
FCI_,[Far_GaC Fa] (26)

Equation (26) shows qualitatively that the effect of uncertainty
in the coupling terms is magnified through feedback. Table 8
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Table 7 Full dynamic matrices as functions of
parameters for Forward-Swept-Wing Demonstrator Aircraft
with higher order dynamics

(—ngu oV2f1 Vi -
v 2 P TE
—-45  pVfn
Fe —VZ 2 1 0
2
oV=fn
0 pVfis 0
) 2
0 0 1 0

Si5 fie f11 fis
oV2 | fas fr6 fo S

Frpp= T
S35 fie Sf31 fa
0 0 0 0
I 0 0 0 0
Vi1 pVifea pVfe 0
My 2My My
Fr=1 0 0 0
oVfsa1 pVifx pVfss o
M; 2M; M,
0 1 0 0
oV fes _Kp oV2fes pVifs oV2fes
2My My 2Mp 2Mp 2My
Fa=1 . 0 0 1
oVifss  pV:ifss oVifs1 Ki oVifss
2M, 2M; 2M; M; 2M,
g11 812 0 0
G p_I/2 0 o0 Go= p_V2 ga1 0
2 |gn gn 2 1o o
0 0 gg1 O

Table 8 Closed-loop eigenvalues for reduced-order
(fourth-order) controllers applied to eighth-order
Forward-Swept-Wing Demonstrator Aircraft model

—2.29+32.0;

—0.097 £212.55
—4.96+1.277, —35, —0.019
—2.53+£32.0/
—0.0892212.55

—4.8+1.38j, —1.01, —0.022
—1.75+32.885

—0.144 22125/

—3.6, —5.51, —34.1, —0.021

Case 1 Bending mode:
Torsion mode:
Rigid body:

Case 2 Bending mode:
Torsion mode:
Rigid body:

Case 3 Bending mode:
Torsion mode:
Rigid body:

quantifies the effect on the nominal system by presenting the
eigenvalues of the closed-loop system for each controller. The
closed-loop mean eigenvalues of rigid-body modes shift from
the reduced-order case because of the presence of the added
dynamics. In each case, the open-loop bending mode eigen-
values (—2.95 +£32.03) shift toward instability.

Next, stochastic robustness analysis is applied to the full-
order system. Figure 7 shows the stochastic root locus for
+30% uniform variations in velocity and density alone, using
the case 2 gains established previously for the reduced-order
system. The trend in eigenvalue migration toward instability
with p and V variations is similar for case 1 and case 3. For
5000 Monte Carlo evaluations, the probabilities of instability

J. GUIDANCE
"
T 4 (¢}
a)
pr(A)
b)

Fig. 7 Stochastic root locus for the Forward-Swept-Wing Demon-
strator Aircraft with known rigid-body and aeroelastic parameters,
and =+30% uniform ¥ and p variations, case 2. Based on 5,000 Monte
Carlo evaluations. ’

are zero. As expected, the closed-loop torsion eigenvalues at
s=—0.1%£212.5; (not shown in Fig. 7) do not change signifi-
cantly with velocity and do not affect the probabilities of
instability. Bending mode eigenvalues show a definite velocity
trend, migrating towards instability along a curved root locus
path as velocity increases. The top view of Fig. 7 is composed
of individual Monte Carlo evaluations. Note that binning
these along the curved path gives a jagged three-dimensional
distribution in Fig. 7b.

Figure 8 shows the stochastic root locus for = 30% uniform
variations in p and V and 30% Gaussian variations in the
remaining 14 parameters, using the case 2 gains. The portion
of each stochastic root locus associated with the rigid-body
dynamics is similar to its Fig. 2 counterpart. The peak near the
origin is magnified to bring out the distribution associated with
the bending mode eigenvalues. For each controller, corre-
sponding probability of instability estimates and 95% confi-
dence intervals for 10° evaluations are 1) 0.045447 (0.04416,
0.04674), 2) 0.01083 (0.01019, 0.01147), and 3) 0.038667
(0.03747, 0.03987). Figure 9 presents the confidence interval
estimates as functions of number of evaluations. By 10° evalu-
ations it is evident that the probability-of-instability estimates
have settled within very narrow intervals. Although these re-
sults cannot be compared directly with the results of Fig. 2
(because of the reduction in the parameter space associated
with the reduced-order system), definite trends are evident.
The disparity in robustness between cases 1 and 3 is reduced,
and case 3 shows a considerable decrease in robustness, while
the robustness of the first two cases is at least retained
or possibly improved. Application of a reduced-order con-
troller to a higher order system does not guarantee that the
robustness margins of the original system are retained, but the
robustness of the system does not always decrease. Stochastic
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Fig. 8 Stochastic root locus for Forward-Swept-Wing Demonstrator
Aircraft with aeroelastic modes, +30% uniform » and p variations,
and 30% Gaussian variations in the remaining 14 parameters, case 2.
Based on 105 Monte Carlo evaluations.
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Fig. 9 Confidence intervals (95% or « =0.05) based on the binomial
test for the Forward-Swept-Wing Demonstrator Aircraft with aero-
elastic modes, cases 1, 2, and 3. Probability-of-instability estimates are
given by the solid lines. Dashed lines give confidence intervals.

robustness again provides an excellent framework for quan-
tifying the effects of applying a reduced-order controller to a
higher order system.

Conclusion

Stochastic robustness offers a rigorous yet straightforward
alternative to current metrics for evaluating the effects of
parameter variations on control systems that is simple to com-
pute and is unfettered by normally difficult problem state-
ments, such as non-Gaussian statistics, products of parameter

AIRCRAFT CONTROL STOCHASTIC ROBUSTNESS APPROACH 1259

variations, and structured uncertainty. The approach answers
the question, How likely is the closed-loop system to fail, given
limits of parameter uncertainty? By requiring known or esti-
mated parameter distributions, and using confidence interval
calculations, unduly conservative (at the expense of perfor-
mance) or insufficiently robust control system designs in the
face of real-world uncertainties are avoided.

The examples presented here illustrate the use of stochastic
robustness and its advantage in studying both full-state and
reduced-order aircraft control systems. The parameters of air-
craft stability-and-contol-effect matrices (stability derivatives
and nominal flight condition parameters) lend themselves to
this type of analysis tool. The stochastic robustness estimates
of different control system designs can be directly compared.
The method can be applied to finite-dimensional model-order
uncertainties in aircraft control systems by adding the uncer-
tain dynamics to the system and assigning appropriate statis-
tics to the new parameters. Quantitative effects of individual
parameters or combinations of parameters on robustness can
be measured in terms of the probability of instability. The
principal difficulty in applying this method to control systems
is that it is computationally intensive; however, requirements
are well within the capabilities of existing computers. The
principal advantage of the approach is that it is easily imple-
mented and makes good use of modern computational and
graphic tools, and results have direct bearing on engineering
objectives.
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